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The general regression model is of the form:

yi = f(ti;9) +e, 9€O, i=1,...,n, J
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The general regression model is of the form:

yi=f(ti9) +e, 9€O©, i=1...n, ]

¥ — f(t;;9) =: f; model-function given in advance, defined on
parameter space ® C R™

t; are independent variables

1; are observations

€; are random errors, usually assumed to be normally distributed with
mean zero and constant variance.
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Least squares (LS) problem

Least squares estimate (LSE)
Any point 9* € © that minimizes the sum of squares

n

S(9) = Z(f(ti;ﬂ) — i)

=1

is called least squares estimate (LSE).
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Least squares estimate (LSE)
Any point 9* € © that minimizes the sum of squares

n

S(9) = Z(f(ti;ﬂ) — i)

=1

is called least squares estimate (LSE).

Existence question
Does there exist a point 9* € © (LSE) such that

S(9*) = géi(g S(19)?
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Least squares (LS) problem

Least squares estimate (LSE)
Any point 9* € © that minimizes the sum of squares

n

S(9) = Z(f(ti;ﬂ) — i)

=1

is called least squares estimate (LSE).

Existence question
Does there exist a point 9* € © (LSE) such that

S(9*) = géi(g S(9)?

e If f is continuous and ® is compact, then LSE exists.

e Further we assume that f is continuous and ® is not compact.
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Motivation example - simple linear regression

Data points: (t;,y;) € R*:i=1,...,n, Y 1 t7 #0

yi =0t + ¢, ¥ €O =(0,00), i=1,...,n.
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Motivation example - simple linear regression

Data points: (t;,y;) € R*:i=1,...,n, Y 1 t7 #0
yi =0t + ¢, ¥ €O =(0,00), i=1,...,n.

Sum of squares:
n

S@) = (0t — i)’

=1
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Case1: > "  tiy; >0
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Case2: ) "  t;y; <0
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LSE existence for linear regression

LSE 9* > 0 for linear regression
yi =+, ¥€O=(0,00), i=1,...,n exists

i}
Z tiy; >0
i1
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LSE existence for linear regression

LSE 9* > 0 for linear regression
yi =+, ¥€O=(0,00), i=1,...,n exists

i}
Z tiy; >0
i1

i}

There exists )y € © such that S(Jg) < S, S§:=> 1, v
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Main goal

For any sum of squares

n

S(9) = Z(f(ti;ﬂ) ~y)’,9€®©

=1

to give necessary and sufficient criteria for the existence of the LSE.
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Main goal

For any sum of squares

n

S(9) = Z(f(ti;ﬂ) ~y)’,9€®©

=1

to give necessary and sufficient criteria for the existence of the LSE.

Matrix notation:
S(9) = |[f(9) -yl

°
ey

<
N~—

I
~

= f(ti;9),i=1,...,n.
o £(9) = (f1(9),..., fn(¥)  andy = (y1,...,y2)".
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Main goal

For any sum of squares

n

S(9) = Z(f(ti;’l(}) ~y)’,9€®©

=1

to give necessary and sufficient criteria for the existence of the LSE.

Matrix notation:
S(9) = |[f(9) -yl

o fi(9):=f(ti;9),i=1,...,n

o £(9) = (D), .., fo(®)T andy = (g1, y)".

e The set of all n-vectors (1), i.e., the set
E={f(9):9 € O},

defines an m-dimensional surface: expectation surface or solution
locus.
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e The LSE 9", if it exists, corresponds to the point f(19*) on £ which is
closesttoy.
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Lemma 1
The least squares estimate exists if and only if there exists a point
f(¥9) € & such that

S() = |If(P0) — y|? < |le — y||> foralle € CIE\E,
or, equivalently,

£f(9) —v||2 < inf _—
1£(0) — ¥/l _eegllg\glle ylI%,

where inf () := co. )
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Expectation surface illustration
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Expectation surface illustration

Cle
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Expectation surface illustration

e, {e}=ClE\E
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Expectation surface illustration

Yo
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Expectation surface illustration
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Expectation surface illustration
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Expectation surface illustration
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Expectation surface illustration
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Expectation surface illustration

le—y| < |f(¥) -yl foralld € ©
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Expectation surface illustration

le —y| < ||If(¥) — y]| forall ¥ € © = LSE doesn't exist.
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Expectation surface illustration

Ye
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Expectation surface illustration
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Expectation surface illustration
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Expectation surface illustration

1£(90) —yll < lle - vl
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Expectation surface illustration

If(P0) —y|| < |le — y|| = LSE exists.
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Extended boundary

Extendend boundary

00, if © is bounded

900® = { 90 U {oo}, if © is unbounded

is the so-called extended boundary of the set ©.

e whenever we write 9, — 0o, we will mean that ||| — oc.
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Existence level

St = inf lim S(9¥
E (¥p1ce T (%),
)= 00 €D O\ O
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Existence level

ST = inf lim S (94
g oo T (D),
91, —9) €0 O\ O

D. Juki¢, A necessary and sufficient criterion for the existence of the global minima of a continuous lower bounded function on a

noncompact set, 2019, submitted
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Existence level

ST = inf lim S (94
g oo T (D),
91, —9) €0 O\ O

D. Juki¢, A necessary and sufficient criterion for the existence of the global minima of a continuous lower bounded function on a

noncompact set, 2019, submitted

E. Demidenko, Criteria for unconstrained global optimization, J. Optim. Theory Appl. 136 (2008) 375-395.

SE = inf lim S (9).
I onf,  lim )
9, =80 €D ©
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Theorem 1: Necessary and sufficient criterion for the existence of
the LSE

The LSE exists if and only if there exists ¥y € © such that

S(90) < Sp.
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We will say that f(3) is /imit regression of f(9) if

£(8) = lim £(9))
k—o0
for some sequence {1} C © with a limit in 0o ©\ ®. If we denote by
LR the set of all limit regressions, then, by definition of S%, it is easy to
check that

Sp=_inf |(8) —yl*
f(B)eLR

Theorem 1: reformulated

The LSE exists if and only if there is at least one point 15 € © with the
sum of squares less than or equal to the corresponding sum of squares for
any limit regression.
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lllustrative example 1

Modified Biggs EXP2 Function

M.C. Biggs, A new variable metric technique taking account of non-quadratic behaviour of the objective function, IMA Journal of Applied

Mathematics, 8 (1971), 315-327.
fi(9) = e +5¢" 9 = (a,b) € ® = {(a,b) € R® : a,b > 0},

ti=0.14, y;=¢eti +5el% i=1,... 10.
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lllustrative example 1

Modified Biggs EXP2 Function
M.C. Biggs, A new variable metric technique taking account of non-quadratic behaviour of the objective function, IMA Journal of Applied

Mathematics, 8 (1971), 315-327.

fi(9) = e +5¢" 9 = (a,b) € ® = {(a,b) € R® : a,b > 0},
ti =014, y; =eb+5e% i=1,...,10.
Sum of squares:

10

S(9) = Z (eati + Belti yi>2

=1
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lllustrative example 1

Modified Biggs EXP2 Function
M.C. Biggs, A new variable metric technique taking account of non-quadratic behaviour of the objective function, IMA Journal of Applied

Mathematics, 8 (1971), 315-327.
fi(9) = e +5¢" 9 = (a,b) € ® = {(a,b) € R® : a,b > 0},

ti=0.14, y;=¢eti +5el% i=1,... 10.
Sum of squares:

N (at L e 2
S(9) = ; (e + 5e™ — yl>
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9,0\ © = {00}
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9,0\ © = {00}
{Vk} = {(ar, br)} C O
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05s© \ © = {0}
(9} = {(ar, br)} C © = 95 — 00
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9,0\ © = {00}

{’19145} = {(ak,bk)} CO=Y >o00= S(ak,bk) — 00
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05,0\ © = {00}

{ﬁk} = {(ak,bk)} CO=UY > 0= S’(ak,bk) — 00 =

Sh =0

Dragan Juki¢, Kristian Sabo An existence criterion for the sum of squares 29/33



9,0\ © = {00}

{ﬁk} = {(ak,bk)} CO=UY > 0= S’(ak,bk) — 00 =
Sh =0

Since S(W9) < S, forany ¥¢ € O, in accordance with Theorem 1 the
LSE exists
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lllustrative example 2

Michaelis-Menten regression model

L. Michaelis, M.L. Menten, Die Kinetik der Invertinwirkung, Biochem. Z. 49 (1913) 333-369
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lllustrative example 2

Michaelis-Menten regression model
L. Michaelis, M.L. Menten, Die Kinetik der Invertinwirkung, Biochem. Z. 49 (1913) 333-369

D = {(a,b) :a>0,b> 0} and

fi (a, b) =

0<t1 <ty...<tpandyi,...,yn > 0.
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lllustrative example 2

Michaelis-Menten regression model
L. Michaelis, M.L. Menten, Die Kinetik der Invertinwirkung, Biochem. Z. 49 (1913) 333-369

D ={(a,b) :a > 0,b> 0} and

fi(a7 b) -

0<t1 <ty...<tpandyi,...,yn > 0.

Reparametrization: f;(9¥) = ,Bifyiti’ 1=1,...,n,
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lllustrative example 2

Michaelis-Menten regression model
L. Michaelis, M.L. Menten, Die Kinetik der Invertinwirkung, Biochem. Z. 49 (1913) 333-369

D ={(a,b) :a > 0,b> 0} and

fi(a7 b) -

0<t1 <ty...<tpandyi,...,yn > 0.

Reparametrization: f;(9¥) = /Bif}/iti7 1=1,...,n,

— e T e T e

Sum of squares:
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{9} = {(ow, B, )} € ©, 0 — P € 0O \ O:

Dragan Juki¢, Kristian Sabo An existence criterion for the sum of squares 31/33



0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{9} = {(ow, B, )} € ©, 0 — P € 0O \ O:

a) ap — oo
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{1916} = {(ak75k77k)} C @, '19k — '190 € 8008 \ O:
a) ap — oo
b) (akaﬁlmf}/k) — (Oé(), 1a0)
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{ﬁk} = {(ak,ﬂk,’yk)} CO,9 — Y9 € 05,0 \ (CF
a) ap — oo
b) (akaﬁlmf}/k) — (Oé(), 1a0)
C) (Oékaﬁkﬁk:) — (060,0, 1)
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{ﬁk} = {(ak,ﬂk,’yk)} CO,9 — Y9 € 05,0 \ (CF
a) ap — oo
b) (ak‘aﬁk?f}/k) — (Oé(), 1a0)
C) (Oékaﬁkﬁk) — (060,0, 1)

e Case a) S(ag, Bi, k) — 00
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{9} = {(ak, Bres M)} € ©, 9k — Yo € 00O \ ©:
a) ap — oo
b) (ak, Bk, k) — (a0, 1,0)
C) (aka6k>'7k) — (050,0, 1).
e Case a) S(ak, Bk, k) — 0
e If ag = 0, Cases b) and ¢) = S(ak, Bk, V&) — iy Y2
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{9} = {(ak, Bres M)} € ©, 9k — Yo € 00O \ ©:
a) ap — oo
b) (ak, Bk, k) — (a0, 1,0)
C) (aka6k>'7k) — (050,0, 1).
e Case a) S(ak, Bk, k) — 0
e If ag = 0, Cases b) and ¢) = S(ak, Bk, V&) — iy Y2

e Caseb), ag # 0
S(ag, Be, k) — Sor (aoti — yi)? > SO0 (At — ui)?,
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0@\ O = {(a,0,1) : « >0} U{(,1,0) : &« > 0} U {0}

{9} = {(ak, Bres M)} € ©, 9k — Yo € 00O \ ©:
a) ap — oo
b) (ak, Bk, k) — (a0, 1,0)
¢) (o, Br, M) — (ap,0,1).
e Case a) S(ak, Bk, k) — 0
e If ag = 0, Cases b) and ¢) = S(ak, Bk, V&) — iy Y2

e Caseb), ag # 0
S(ag, Be, k) — Sor (aoti — yi)? > SO0 (At — ui)?,

- > tiy

o . 2 i=1 Y

R =argmin Y (kt; —y;)" = T—0r
k>0 ; ' ' Z?:l tzz
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e Casec),apg #0
S(Olkvﬁkﬁk) - Z?:l(ao - yi)2 > Z?:l (? - yi)2,
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e Casec),apg #0

S(ak, Be, k) = Doiey (a0 — yi)? > i W — yi)2,
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e Casec),apg #0
S(Olkvﬁk:ﬁk) - Z?:l(ao - yi)2 > Z?:l (? - yi)Q,

y:

=1 =1 =1
n n

= min {Z(yl —9)%> (it — y2)2} :
=1 1=1
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K.P. Hadeler, D. Juki¢, K. Sabo, Least squares problems for Michaelis Menten kinetics, Mathematical Methods in the Applied Scienceg
30 (2007), 1231-1241

e Ifthe data (t;,y;),i=1,...,n,n > 3, are such that
0<t; <ty <...<ty, y; >0, andif they fulfill one of the two sets of

inequalities
n 2 n m
n Z tiyi | <Y (D wi
i= i=1 i=1
Dp 2 wn)
1=1 Z =1 i=1 ¢
or
n n n
n Z tiyi | > Z t? Z Yi
i=1 i=1 i=1
n n

thyzZyz > ZtQZtoz,
=1 =1 i=

then there exists 9y € © such that S(9y) < S}, i.e., there exists an LSE
for the Michaelis-Menten function.
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