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Fractional Pearson diffusions (FPD)
Fractional diffusion — definition

* X; = (X1(¢), t > 0) — Markovian diffusion with transition densities p1(z,t;y)

® D = (D, t > 0) — standard stable subordinator independent of the diffusion
X1, with the Laplace transform

E[e *Pt] = exp (—ts®), s>0, 0<a<l1

e E,=inf{x > 0: D, >t} - inverse of the a-stable subordinator D

® (E:, t > 0) — non-Markovian and non-decreasing, for every ¢t random variable
E, has a density fi(-) with the Laplace transform

E[e "] = /°° e fi(x)dxr = Ea(—st?),
0

where £, (—st%) is the Mittag-Leffler function

—st*)?
Z 1+ aj) ()

® fractional diffusion — non-Markovian process defined via time-change of the
diffusion X (t) by the inverse E; of the a-stable subordinator, i.e.

Xo(t)=X1(Ey), t>0
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Fractional Pearson diffusions (FPD)

Fractional diffusions — applications

® hydrology — modeling sticking and trapping of contaminant particles in a
porous medium (Meerschaert et al., 2003) or a river flow (Chakraborty et al.,
2009)

¢ finance — modeling delays between trades (Scalas, 2006)

® statistical physics — fractional time derivative appears in the equation for a
continuous time random walk limit and reflects random waiting times between
particle jumps (Meerschaert, 2004)
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Pearson diffusions (PD)
Fractional Pearson diffusion — definition

* fractional Pearson diffusion (FPD) — non-Markovian process
(Xa(t), t>0) = (X1 (Er), t >0),

where (X1 (t), t > 0) is the Pearson diffusion

® Pearson diffusion (PD) — a unique strong solution (@ksendal, Theorem 5.2.1)
of the SDE
dXt = ,u(Xt)dt + O'(Xt)th, t Z 0 (2)

with polynomial infinitesimal parameters

p(x) = ao + a1z, o(x) = \/2b(x) = \/2(b2a? + brz + bo)

® p(z) — the stationary density of the diffusion (2) belongs to the Pearson family
of continuous distributions
® u(x) and b(x) are related to the polynomials in the Pearson differential
equation
pl(.’L’) o (a1 — 2b2).’E + (a() — bl)
p(:v) box?2 + bix + bo
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Pearson diffusions (PD)
Pearson diffusions - classification

six subfamilies of PD — according to the degree of polynomial b(x) and, in the
quadratic case, to the sign of b2 and the sign of its discriminant A:

® constant b(z) — OU process (Gaussian stationary distribution)

® linear b(z) — CIR process (gamma stationary distribution)

® quadratic b(z) with by < 0 — Jacobi diffusion (beta stationary distribution)
® quadratic b(z) with b2 > 0 and A > 0 — Fisher-Snedecor (FS) diffusion

® quadratic b(z) with bz > 0 and A = 0 — reciprocal gamma (RG) diffusion

® quadratic b(z) with b2 > 0 and A < 0 — Student diffusion

® important references:

Kolmogorov (1931), Wong (1964), Forman & Sgrensen (2008), Avram et al.
(2013a, 2013b)
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Pearson diffusions (PD)

PD and FPD — sample paths

Sample paths of fractional and non-fractional RG and FS diffusions with parameters
0 = 0.01 and a = 0.7 based on 10000 points, starting from 0.4
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Transition densities of PD and FPD

Non-heavy-tailed Pearson diffusions

°* OU, CIR and Jacobi diffusions

® transition densities — p(z,¢;y) = ; P(X; <z|Xo=y)

oz
® closed-form expressions
S. Karlin and H.M. Taylor (1981) A Second Course in Stochastic

Processes, Academic Press, New York

® spectral representations of transition densities — given in terms of the
pure-point spectrum of the infinitesimal generator and the corresponding
eigenfunctions (Hermite, Laguerre and Jacobi polynomials, respectively)

® spectral analysis — overview of existing results given in

N.N. Leonenko, M.M. Meerschaert and A. Sikorskii (2013) Fractional
Pearson diffusions, Journal of Mathematical Analysis and Applications,
403(2): 532-546
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Transition densities of PD and FPD

Heavy-tailed Pearson diffusions

® reciprocal gamma, Fisher-Snedecor and Student diffusions

® transition densities — representable in terms of the spectrum of the
corresponding infinitesimal generator and related functions

¢ infinitesimal generator of heavy-tailed Pearson diffusion

(@) ®3)

u(z) - linear; o?(x) - quadratic, with positive leading coefficient
® spectrum of the Sturm-Liouville operator (—G)

® discrete spectrum o4 C [0, A) - finite set of eigenvalues
eigenfunctions are finite systems of orthogonal polynomials (Bessel,
Fisher-Snedecor and Romanovski polynomials, respectively)

® absolutely continuous spectrum oq.(G) in (A, 00)
functions related to the 04.(G) - confluent (RG) and Gauss (FS,
Student) hypergeometric functions
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Transition densities of PD and FPD
Fisher-Snedecor diffusion

® Fisher-Snedecor diffusion (FSD) SDE

dX,(t) = —6 (xl(t) - 5?2) dt + \/ 7(;‘7"_2))(1 (t) (VX1 (0) + B) W (1),
4)

where t > 0 and 6 > 0 (autocorrelation parameter)

® stationary density

[Niie

fs(z) = g £y (W)TW 7 Ylo,00) (@), >0, B>2
2

B(3.5) (ve+pB)3ts

® transition density — spectral representation
pi(z, ty) = pa(e, t;y) + ez, t;y) (5)
derived in

F. Avram, N.N. Leonenko and N.S. (2013) Spectral representation of
transition density of Fisher-Snedecor diffusion, Stochastics, 85(2): 346-369
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Transition densities of PD and FPD
FSD - discrete part of transition density

® transition density — discrete part

4]
palz, tiy) =fs(z) Y e Fu(y) Fu(z) (6)

® eigenvalues of the SL operator (—G)

0

/\n:5—2n

¢ eigenfunctions of the SL operator (—G) — Fisher-Snedecor polynomials

_a y.8 d” n Yam— n_Y_B
Fu(e) =K' 3 (a4 938 T {2703 g E R} (@)
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Transition densities of PD and FPD
FSD — continuous part of transition density

® transition density — continuous part

e, t9) = % [ M aeenne - ©

“8(B-2)

® function f; — solution of the SL equation Gf(z) = —Af(z) for A > A

fl(iU,_)\): 2F1 <_i+2k()‘)7_i}_Zk()‘)zgf_gx>7 (10)
_ B2 AB-2)

® normalizing constant

(2 8 _B 4y 1184, 2
a(X) = k(X B (272)F ";k()‘))r(2+4+ k()\))‘

)
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Transition densities of PD and FPD
Fractional FSD - transition density

e fractional FS diffusion — (X.(t), t > 0), where X, (t) = X1(E:), t >0

® (Xi(t), t >0) - FS diffusion given by the SDE (4)
® (E:, t>0), where E; = inf {x > 0: D, >t}
inverse of the a-stable subordinator, 0 < ae < 1

® transition density — defined as

P(Xa(t) € BIXa(0) = y) = / pala, tiy)da (12)

for any Borel set B from By o)
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Transition densities of PD and FPD
Fractional FSD - transition density

® transitions density p = po(z,t;y) of the FS diffusion satisfies the following
equations:

® fractional forward (Fokker-Planck) equation

T2 = 2 (pwm)+ g < 2 éx)p)

with the point-source initial condition p(z,0;y) = §(z — y)
® fractional backward equation

*p_ O oy Pp
ot _”(y)ay 2 By?

® 0%/0t* — Caputo fractional derivative of order 0 < o < 1

Ef@) 1 [d .
dae _F(l—oz)/%f(xiy)y &y

0
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Transition densities of PD and FPD
Fractional FSD - transition density
Theorem

The transition density of fractional FS diffusion is given by

,_
W

J
Pa(,t;y) = fs(x) ¥ Fu(y) Fu(z) Ea(—=Ant™)+ (13)

n=0

B[ am) a) A=A -2
052
8(F—2)
where F,, are FS polynomials given by (8), f1 is the solution of the non-fractional
SL problem given by (10), a()) is given by (11) and Ea(—Xt%) is the Mittag-Leffler
function given by (1).

® detailed proof could be found in

N.N. Leonenko, I. Papi¢, A. Sikorskii and N.S. (2017) Heavy-tailed fractional
Pearson diffusions, Stochastic Processes and their Applications, 127(11),
3512-3535
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Transition densities of PD and FPD
Fractional FSD transition density — sketch of the proof

oo

P(Xa(t) € B|Xa(0) =y) = /P(Xl("') € BIX1(0) = y) fe(r)dr

=//p1(z,f;y)ft(f)dzd‘r
o B

=//(pd(w,‘r;y)+pc(x,f;y))ft(7')d‘rd90= (14)
B 0
°°L ]

/fS(z) /ZFTL () Fr(2)e™ 7 fo (r)dr + — // AT (e fi(y, =N fa(w, =N drdr | da

8
Lz] o0
- 1
:/fﬁ(z) E Fn(y)Fn(Z)ga(—Anta)+;/ga(—Ma)a(A)fl(y»—A)fl(z,—A)dA dz
B n=0 A

(15)
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Transition densities of PD and FPD
Fractional FSD transition density — sketch of the proof

® change of the order of integration in (14)

follows from the non-negativity of p1 and f; (Fubini-Tonelli theorem)

® change of the order of integration in (15)

follows by the Fubini theorem since

// ’eih fe(r)a(N) fi(y, =) fi(z | drd)\ < 00

(for bounds regarding the Gauss hypergeometric functions we refer to Erdelyi,
Equation 17, page 77)
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Transition densities of PD and FPD
Fractional FSD - limiting density

Theorem

Let X.(t) be the fractional FS diffusion and let p.(z,t) be the density of Xa(t).
Assume that X, (0) has a twice continuously differentiable density f that vanishes
at infinity. Then

pa(z,t) = fs(x) as t — oo,

where §s(z) is the stationary density of the non-fractional FS diffusion.

® detailed proof - Leonenko et al. (2017)
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Transition densities of PD and FPD
Fractional FSD - correlation structure

® fractional Pearson diffusion (X, (t), t > 0), Xo(t) = X1(E), is in the steady
state if it starts from its stationary distribution with the density fs(-)

® the autocorrelation function of (X(t), t > 0) is given by

s/t
Corr (Xa(t), Xa(s)) = Ea(=0") + 1 (0101 a) / sa(—e;(}a— %) g (16)

for0<s<t

® detailed proof could be found in

Leonenko, N.N., Meerschaerd, M.M. and Sikorskii, A. (2013) Correlation
structure of fractional Pearson diffusions, Comput. Math. Appl., 66(5),
737-745
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